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Coarse-grained molecular dynamics simulations are performed to obtain the phase diagram for
shapes of a vesicle with a variation in temperature and pressure difference across the membrane.
Various interesting vesicle shapes are found, in particular, a series of shape transformations are
observed for a vesicle with an initial spherical shape, which changes to a prolate shape, then an
oblate shape, and then a stomatocyte shape, with either increasing temperature or decreasing
pressure difference across the membrane. © 2009 American Institute of Physics.
�doi:10.1063/1.3245307�

Mechanical properties and morphological transforma-
tions of solid/fluid membranes have attracted great interest
due to their ubiquitous presence in biological systems and
frequent appearance in nanosystems.1,2 Continuum linear
elastic models have been extensively used to study the me-
chanical properties of both solid and liquid membranes.3–7

However, these continuum models may not be able to model
systems involving diffusive behavior, thermal fluctuation,
and membrane burst and fracture. Hence atomistic simula-
tions have been developed to study the structural and func-
tional behavior of membranes. Since the meso- or macro-
scopic properties of membranes cannot possibly depend on
all the details of the atomic description, coarse-grain atomis-
tic models have been used to study the physical properties of
membranes, including formation of membrane structures,8

membrane elasticity,8–18 thermal fluctuation,8–10,17 nanopar-
ticle endocytosis,10,16 composition segregation,12,14–16 and to-
pological shape changes.18–20

A vesicle may change its shape, volume, or surface area,
due to the change in properties of its membrane and/or the
presence of external loadings.21 A phase diagram for vesicle
shape transformation at different membrane properties and
external loading conditions reveals important thermody-
namic behavior of vesicle. So far, the phase diagram for
vesicle shape transformation has been only partially ex-
plored. For example, phase diagrams at different spontane-
ous curvatures and vesicle volumes were studied in Ref. 22.
Phase diagrams concerning area difference and a change in
volume was studied in Ref. 23. Different phases of vesicle
shapes, ranging from stomatocytes, pears, prolates, and ob-
lates, were obtained.19,20,23 However, the phase diagram for
shape transformation of a vesicle involving the variation of
temperature and the pressure difference across the membrane
is still not available. Here coarse-grained molecular dynam-
ics �CGMD� simulations are performed to obtain the phase
diagram for vesicle shape transformation at various tempera-
tures and cross-membrane pressure differences.

The vesicle membrane is assumed to consist of single-
layered particles with diameter a0, which is also the mem-
brane thickness.17 For particle i, i� �1,N�, where N is the
total number of particles, five degrees of freedom are con-
sidered, that is, �xi ,ni�, where xi is the position of particle i
and ni is the surface normal vector at particle i, subject to the
constraint that ni ·ni=1. The unit vector between particles i
and j, is xij =xij /rij, where xij =x j −xi, and rij = �xij�. A modi-
fied Lenard-Jones �LJ� potential was employed to overcome
the drawback of the standard LJ 12–6 potential, which was
found to be too short to stabilize a liquid phase.18 The modi-
fied pair potential energy between particles i and j is of the
following form:17

Vij = ��� Rcut − rij

Rcut − Rmin
�8

− 2�� Rcut − rij

Rcut − Rmin
�4

A�ni, n j , xij � , rij � Rcut

0, rij � Rcut
	 , �1�

where, � is the bonding energy between the two particles,
Rcut=2.5a0 is the cutoff distance of the interaction, Rmin
=21/6a0 is introduced so that the modified potential has the
same bonding energy and equilibrium position as the stan-
dard LJ 12–6 potential; and A�ni , n j , xij� is the penalty
function related to the spontaneous curvature of the mem-
brane surface at the two particle positions. Here it is assumed
that the flat membrane is energetically favorable, that is, the
spontaneous curvature is zero. Hence if ni and n j are parallel,
A�ni , n j , xij�=1 and the interaction energy between the
two particles is at a minimum; when ni and n j are antiparal-
lel, A�ni , n j , xij�=−1 and the interaction energy is at a
maximum. Such consideration is consistent with the
observation that a lipid molecule in a bilayer membrane
is extremely unlikely to change its direction.1 Here,
A�ni , n j , xij�=1+��B−1�, where, � is the energy penalty
factor for membrane deviating from its flat state, and

B = ni · n j − �n j · xij��ni · xij� . �2�

In the present study, �=1.5, since the reference state of the
membrane is assumed to be flat, hence its spontaneous cur-
vature is not considered.

The governing equation of motion for particle i can be
written as
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mix
�

i = −
�V

�xi
+ Pni, �3�

where P is the pressure difference across the membrane and
for the surface normal vector, the governing equation con-
cerning evolution is

m̃in
�

i = −
�V

�ni
+ � �V

�ni
· ni�ni − m̃i�ṅi · ṅi�ni, �4�

where m̃i is a pseudomass and the right-hand side conforms
to the constraint ni ·ni=1. The integration method which was
proposed by Beeman24 is used. The position update algo-
rithm is,

xn+1 = xn + vn�t +
4x

�

n − x
�

n−1

6
��t�2, �5�

and that for velocity is

vn+1 = vn +
5x

�

n+1 + 8x
�

n − x
�

n−1

12
�t . �6�

The following dimensionless scheme is used: for mass m�

=m /m0, where m0 is the mass of the particle, for distance
r�=r /a0 and for energy V�=V /�. The derived unit for time is
t0=a0


m0 /� and the velocity is v0=a0 / t0.
Systematic parametric studies by varying temperature

and pressure difference across the membrane have been per-
formed to obtain the phase diagram for vesicle shapes. In all
the simulations, each vesicle contains 5072 particles and the
initial radius of the vesicle is 19.97a0. A positive pressure
difference across the membrane implies that the pressure in-
side the vesicle is lower than that outside the vesicle. The
Berendsen method was used to maintain an approximately
constant temperature during the simulations.

The predicted phase diagram is shown in Fig. 1. In total,
nine phase zones �P1–P9� were observed within a tempera-
ture range of �0–0.275kBT /��, where kB is Boltzmann’s con-
stant and the pressure difference range of �0–0.06� /a0

3�. The
typical shapes for the nine phases are shown in Fig. 2 with
the shapes �P1�–�P9� corresponding to the phases P1–P9, re-
spectively. It is seen that various shapes are observed, rang-

ing from a spherical shape �P1�, to a stomatocyte shape �P2�,
to a multiridge shape �P3�, to a prolate shape �P4�, to an
oblate shape �P5�, to a double-layer vesicle �P6�, to a com-
pact solidlike shape �P7�, to an oblate shape with particle
evaporation �P8�, and to a stomatocyte shape with particle
evaporation �P9�. Hence the vesicle shapes are strongly de-
pendent on both temperature and cross-membrane pressure
difference.

It was predicted by using a continuum model that a
vesicle can change from a spherical shape to a prolate shape
and then to an oblate shape, and then to a stomatocyte shape
by decreasing vesicle volume.21,22 One can see by examining
Fig. 1, that the present model also predicts the same series of
shape transformations by either increasing the temperature or
decreasing the pressure difference. For example, for a pres-
sure difference range of �0.011� /a0

3–0.018� /a0
3�, the vesicle

is able to change from a spherical shape �P1�, to a prolate
�P4�, to an oblate �P5�, and then to an evaporated stomato-
cyte shape �P8�, with a gradual increase in temperature �see
the horizontal dashed line in Fig. 1�. For a temperature range
of �0.0115kTB /�–0.0185kBT /��, a series of shape transfor-
mations from a spherical vesicle �P1�, to a prolate �P4�, to a
oblate �P5�, and then to a stomatocyte shape �P2� take place
with a decrease in P �see the vertical dashed line in Fig. 1�.
Hence the effect of temperature increase or a decrease in
pressure difference can lead to the same shape transforma-
tions as those caused by a change of volume.

The shape transformations induced by pressure differ-
ence can be understood in a similar way as that induced by
the vesicle volume change predicted by the continuum
model.21 However, the shape transformations induced by a
change in temperature require greater analysis. The transfor-
mation of a vesicle from a spherical to a nonspherical shape
�for example, a prolate� can be considered as the buckling
process of a spherical vesicle under uniformly pressure.
The magnitude of the uniform compressive stress in the
membrane is �= PR /2a0, where P is the pressure difference,
R is the radius of the vesicle, and a0 is the thickness of the

FIG. 1. �Color online� Phase diagram for vesicle shapes as a function of
cross-membrane pressure difference and temperature. In total, nine phases
�P1–P9� were determined. The dots denote the simulation cases, the hori-
zontal dashed line indicates the phase transitions with increasing tempera-
ture at a constant pressure difference, and the vertical dashed line indicates
the phase transitions with increasing pressure difference at a constant
temperature.

FIG. 2. �Color online� Vesicle shapes as a function of the cross-membrane
pressure difference and temperature: the shapes from �P1� to �P9� corre-
spond to the phases from P1 to P9, respectively, in Fig. 1. Note that the
smaller cross section view in �P6� shows the double-layer structure.
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vesicle membrane. If the pressure difference increases be-
yond a certain limit, the spherical form of the vesicle be-
comes unstable. The critical pressure difference is Pcr

= �8K
3�1−�2�� / �a0R2�, where K is the bending rigidity and
� is Poisson’s ratio of the membrane.25 It is seen that an
increase in the vesicle radius �or the membrane surface area�
or a decrease in bending rigidity can cause an earlier trans-
formation from a spherical to a nonspherical shape.

It is known21 that the membrane bending rigidity K is
related to the spectrum of thermal fluctuation modes by

��h̃�q��2�=kBT / ��q2+Kq4�, where h̃�q� is the Fourier trans-
form of thermal fluctuation h, q is the norm of the wave
vector q= �qx ,qy�=2	�nx ,ny� /L, L is the lateral size of the
solid membrane, � is the membrane tension, and kBT is the
thermal energy. If the membrane tension is small or if the
norm of the wave vector is large �
1�, the membrane tension
� can be ignored. Thus one can perform thermal equilibra-
tions and extract the membrane bending rigidity K at differ-
ent temperatures. The total number of particles N of the
membrane in the simulations is 4096. A periodic boundary
condition is used in the thermal equilibration. For example,

the relation between ��h̃�q��2� versus q is shown in Fig. 3 for
a thermal fluctuation performed at kBT /�=0.22. It can be

seen that a linear scaling between ��h̃�q��2� and q−4 is evident
for large norms of the wave vector. The extracted K value is
1.58� or 7.2kBT at a temperature of kBT /�=0.22, which is
comparable to experimentally measured values of biological
membranes, 3–30kBT.21 The simulation results shown in Fig.
4 show a clear decreasing tendency of the bending rigidity
with an increase in temperature. This result is consistent with
the first-order perturbation theory4 and the experimental
observation.26 It is also found that this tendency can be well
fitted by K=K0e−�T, where the bending stiffness at 0 K, K0
=10.1�, and �=1.12�10−5kB /�.

The CGMD model used here is coarser than that used in
previous studies.12,18–20 In the present model, a membrane
particle with a diameter of membrane thickness and de-
scribed by five degrees of freedom, actually represents a
number of lipid molecules. In addition, this model eliminates
the explicit consideration of solvent molecules, and their ef-
fect is considered by the effective particle interaction poten-

tial. Furthermore, the existence of the liquid membrane
phase is catered for, enabling the modeling of fast particle
diffusion. Finally, the most important material quantity, the
bending rigidity extracted by using the present model repro-
duces experimental results.

In summary, systematic CGMD simulations were per-
formed to obtain the phase diagrams for shapes of a vesicle
at different cross-membrane pressure differences and tem-
peratures. It was found that the temperature increase or a
decrease in pressure difference can lead to a series of shape
transitions, different vesicle shapes were observed and pos-
sible reasons for the shape transition were also provided.
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FIG. 3. �Color online� The relation between ��h̃�q��2� vs q, where L is the

simulation cell size. A linear scaling between ��h̃�q��2� and q−4 is evident at
a large norm of the wave vector. The thermal fluctuation is performed at
kBT /�=0.22.

FIG. 4. Variation of membrane bending rigidity with temperature. The ex-
tracted values of bending rigidity at different temperatures can be well fitted
by the following exponential function: K=K0e−�T, where K0=10.1� and
�=1.12�10−5kB /�.
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